
CHAPTER 6
COMMON CONTINUOUS RANDOM VARIABLES

CONTINUOUS UNIFORM DISTRIBUTION

NORMAL DISTRIBUTION

STANDARD NORMAL DISTRIBUTION

APPLICATIONS OF NORMAL DISTRIBUTION

GAMMA AND EXPONENTIAL DISTRIBUTION



INTRODUCTION

¡ Just like with discrete RVs, some continuous RVs occur so frequently in nature that they have well-known 

functional forms

¡ We turn now to studying these distributions



CONTINUOUS UNIFORM DISTRIBUTION



THE UNIFORM DISTRIBUTION

¡ A random variable 𝑋 is said to have the uniform distribution over the interval 𝒂, 𝒃  if its pdf is given 

by

𝑓 𝑥 = (
1

𝑏 − 𝑎
𝑓𝑜𝑟	𝑥 ∈ 𝑎, 𝑏

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

¡ We say 𝑋 ∼ UNIF(𝑎, 𝑏).



INTEGRATE!

¡ Confirm this is a pdf.

𝑓 𝑥; 𝑎, 𝑏 = (
1

𝑏 − 𝑎
𝑓𝑜𝑟	𝑥 ∈ 𝑎, 𝑏

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒



CDF

¡ Show that the CDF is:

𝐹 𝑥; 𝑎, 𝑏 =

0, 	 𝑥 < 𝑎
𝑥 − 𝑎
𝑏 − 𝑎

, 𝑎 ≤ 𝑥 ≤ 𝑏,

1, 	 𝑥 > 𝑏



EXAMPLE 1

¡ To commute a work, a professor must first get on a bus near her house.  Suppose the waiting time (in minutes) at 

the stop follows a UNIF(0,5) distribution.  

¡ Specify the pdf.

¡ What is the probability that she has to wait at most 3 minutes?

¡ What is the probability that the professor has to wait more than 4 minutes, given that she has waited at least 
3 minutes? 



MEAN

¡ If 𝑋 ∼ UNIF(0,5), what is	𝐸[𝑋]?

¡ What is 𝐸[𝑋] for general 𝑋 ∼ UNIF(𝑎, 𝑏)?



MEAN AND VARIANCE IN GENERAL

¡ Show that 𝐸[𝑋] = !"#
$

:

¡ It can also be shown that Var 𝑋 = #%! !

&$



EXPONENTIAL DISTRIBUTION



THE EXPONENTIAL DISTRIBUTION

¡ Motivated as time between events in a Poisson process

¡ Poisson process: events or arrivals occurring in space or time, with average rate of 𝜆 arrivals per unit time.

𝑡

𝑡

Large 𝜆 ⟹ small 𝛽 
distances between arrivals

Small 𝜆 ⟹ large 𝛽 
distances between arrives



THE EXPONENTIAL DISTRIBUTION

¡ A random variable 𝑋 is said to have an exponential distribution with scale parameter 𝜷

¡ we say 𝑋 ∼ 𝐸𝑋𝑃(𝛽), if its pdf is given by:

𝑓 𝑥; 𝛽 = P
1
𝛽
𝑒%'/), 𝑥 > 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

¡ This pdf is defined for any 𝛽 > 0



THE EXPONENTIAL DISTRIBUTION

𝛽 = 2
𝛽 = 1
𝛽 = .2 3



INTEGRATE!

¡ Confirm this is a pdf.

𝑓 𝑥; 𝛽 = P
1
𝛽
𝑒%'/), 𝑥 > 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒



CDF

¡ Show that the CDF is:

𝐹 𝑥; 𝛽 = Q
0, 	 𝑥 ≤ 0
1 − 𝑒%'/), 	 𝑥 > 0



EXAMPLE 2

¡ The lifetime (in hours) of an electrical component can be modeled with an 𝐸𝑋𝑃(100) distribution; specifically:

𝑓 𝑥 =
1
100

𝑒%'/&00; 𝑥 > 0

¡ What is the probability that the component will operate for at least 200 hours without failure? 



TECHNOLOGY

¡ No calculator function.



EXAMPLE 2

¡ What is the probability that component lasts more than 200 minutes, given that it has lasted more than 100 
minutes?



MEMORYLESS PROPERTY

¡ Memoryless Property: Show that in general, 𝑃 𝑋 > 𝑥 + 𝑡	 𝑋 > 𝑥) = 𝑃(𝑋 > 𝑡)



MEAN AND VARIANCE

¡ Show that 𝐸 𝑋 = 𝛽

¡ It can also be shown that: 𝑉𝑎𝑟 𝑋 = 𝛽$



ALTERNATE PARAMETERIZATION

¡ A random variable 𝑋 is said to have an exponential distribution with rate parameter 𝝀

¡ we say 𝑋 ∼ 𝐸𝑋𝑃(𝜆), if its pdf is given by:

𝑓 𝑥; 𝜆 = Q𝜆𝑒
%1', 𝑥 > 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

¡ This pdf is defined for any 𝜆 > 0

¡ 𝐸 𝑋 = ⁄& 1

¡ Var 𝑋 = ⁄& 1!



GAMMA DISTRIBUTION

22



THE GAMMA DISTRIBUTION

¡ Motivated as time until the 𝑟23 event in a Poisson process with arrival rate 𝜆

¡ Low values of 𝑋 (time until 𝑟23 event) are influenced by:

¡ Low scale 𝛽

¡ Small shape (𝛼)

𝑡

𝛼 = 2; Small 𝛽:

𝛼 = 2; Large 𝛽:

𝛼 = 2

𝛼 = 4



THE GAMMA DISTRIBUTION

¡ A random variable 𝑋 is said to have a gamma distribution with scale parameter 𝛽 > 0 and shape parameter 𝛼 > 0 

¡ We say 𝑋 ∼ GAM(𝛼, 𝛽), if its pdf is given by:

𝑓 𝑥; 𝛼, 𝛽 = P
1

Γ 𝛼 𝛽4
𝑥4%&𝑒%'/), 𝑥 > 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

¡ Exponential distribution is a special case of Gamma with 𝛼 = 1



THE GAMMA FUNCTION

What is that weird Γ(𝛼)?  Defined as:

Γ 𝛼 = ]
0

5
𝑥4%&𝑒%'𝑑𝑥

Properties:

¡ Γ 𝛼 = 𝛼 − 1 !,	for	any	positive	integer	𝑎

¡ Γ 1 = 1

¡ Γ &
$
= 𝜋

¡ Γ 𝛼 = 𝛼 − 1 Γ 𝛼 − 1  (integrate by parts)



THE GAMMA DISTRIBUTION

¡ Graphs of the pdf for various 𝛼 and fixed 𝛽 = 1:



MEAN AND VARIANCE

¡ If	𝑋~Gam(𝛼, 𝛽),	then

¡ 𝐸 𝑋 = 𝛼𝛽 (waiting time increases as time between arrivals increases)

¡ Var 𝑋 = 𝛼𝛽$



EXAMPLE 3

¡ Accidents at a notorious intersection follow a Poisson process. On average, an accident occurs once every 20 
days. Let 𝑋 denote the time (in days) you will have to wait for the 3rd accident to occur

¡ What is the distribution of 𝑋?

¡ If on average, an accident occurs once every 20 days, what is the average amount of time (in days) that you 
expect to wait for the 3rd accident to occur?

¡ If on average, an accident occurs once every 20 days, what is the probability that you will have to wait more 
than 100 days for the 3rd accident to occur?

¡ https://homepage.divms.uiowa.edu/~mbognar/applets/gamma.html 

https://homepage.divms.uiowa.edu/~mbognar/applets/gamma.html
https://homepage.divms.uiowa.edu/~mbognar/applets/gamma.html


TECHNOLOGY



NORMAL DISTRIBUTION



INTRODUCTION

¡ The most important distribution in statistics!

¡ Well-models many natural phenomena:

¡ Height

¡ Weight

¡ Age



THE NORMAL DISTRIBUTION

¡ 𝑋 is said to follow a normal distribution iff, for parameters 𝜇 and 𝜎$ with −∞ < 𝜇 < ∞ and 𝜎$ > 0:

𝑓 𝑥; 𝜇, 𝜎$ =
1

𝜎 2𝜋
𝑒%

&
$
'%6
7

!

, −∞ < 𝑥 < ∞

¡ We say 𝑋 ∼ 𝑁(𝜇, 𝜎$)



THE NORMAL DISTRIBUTION

Plot of Normal pdf for 𝑋 ∼ 𝑁 50, 𝜎$  for various 𝜎



MEAN AND VARIANCE

¡ If	𝑋~𝑁(𝜇, 𝜎$),	then

¡ 𝐸 𝑋 = 𝜇

¡ Var 𝑋 = 𝜎$

¡ 𝑆𝐷 𝑋 = 𝜎



EXAMPLE 4

¡ In Manoa Valley on the island of Oahu (Hawaii) the annual rainfall averages 43.6 inches with standard deviation 7.5 

inches and follows an approximate normal distribution. A year is chosen at random. What is the probability that 

the annual rainfall is more than 56 inches?



TECHNOLOGY

Calculator:

¡ 1-normalcdf(43.6, 56.25,56)



EXAMPLE 4

¡ In Manoa Valley on the island of Oahu (Hawaii) the annual rainfall averages 43.6 inches with standard deviation 7.5 

inches and follows an approximate normal distribution. A year is chosen at random. What is the probability that 

the annual rainfall is between 32 and 56 inches?



TECHNOLOGY

Calculator:

¡ normalcdf(43.6, 56.25,56) – normalcdf(43.6, 56.25,32) 



EXAMPLE 4

¡ In Manoa Valley on the island of Oahu (Hawaii) 

the annual rainfall averages 43.6 inches with 

standard deviation 7.5 inches and follows an 

approximate normal distribution. 5% of years 

will have rainfalls above what amount?



EXAMPLE 4

¡ In Manoa Valley on the island of 

Oahu (Hawaii) the annual rainfall 

averages 43.6 inches with standard 

deviation 7.5 inches and follows an 

approximate normal distribution. 

25% of years will have rainfalls below 

what amount?



BY HAND CALCULATION

¡ How?

1. Transform values (x) to z-scores

2. Use a table to find cumulative probabilities for each z-score

3. Find the answer



STANDARD NORMAL DISTRIBUTION

¡ If 𝑋~𝑁(𝜇, 𝜎$), then

𝑍 =
𝑋 − 𝜇
𝜎

~𝑁(0,1)

¡ A normal distribution with mean = 0 and variance = 1 is called the standard normal distribution. 



Z-SCORE

¡ The z-score of a value is given by

𝑧 =
𝑥 − 𝜇
𝜎

=
𝑣𝑎𝑙𝑢𝑒	 − 𝑚𝑒𝑎𝑛

𝑆𝐷

¡ Measures relative distance to mean



EXAMPLE 5

¡ Suppose the heights of women are Normally distributed with mean = 64.5 in. and S.D.  =  2.5 in.:

56.0 57.0 58.0 59.0 60.0 61.0 62.0 63.0 64.0 65.0 66.0 67.0 68.0 69.0 70.0 71.0 72.0 73.0

x

1 SD = 2.5 in 1 SD = 2.5 in



Read 𝑧



TECHNIQUE (AGAIN)

¡ Write probability in terms of 𝑋

¡ Convert to probability in terms of z-score

¡ Use table



EXAMPLE 5: SHADING THE PROBABILITY

¡ What is the probability a young woman is taller than 60 inches?

¡ Shade the corresponding area.

56.0 57.0 58.0 59.0 60.0 61.0 62.0 63.0 64.0 65.0 66.0 67.0 68.0 69.0 70.0 71.0 72.0 73.0

x



EXAMPLE 5: USE TABLE

¡ Suppose the heights of women are Normally distributed with mean = 64.5 in. and S.D.  =  2.5 in. What is the 

approximate probability a woman is taller than 60 inches?



EXAMPLE 5: SHADING THE PROBABILITY

¡ What is the probability a young woman is between 61 and 67 inches tall?

¡ Shade the corresponding area.

56.0 57.0 58.0 59.0 60.0 61.0 62.0 63.0 64.0 65.0 66.0 67.0 68.0 69.0 70.0 71.0 72.0 73.0

x



EXAMPLE 5: USE TABLE

¡ Suppose the heights of women are Normally distributed with mean = 64.5 in. and S.D.  =  2.5 in. What is the 

approximate probability a woman is between 61 and 67 inches?



EXAMPLE 5: SHADING THE PROBABILITY

¡ What is the probability a young woman is shorter than 63 inches tall?

¡ Shade the corresponding area.

56.0 57.0 58.0 59.0 60.0 61.0 62.0 63.0 64.0 65.0 66.0 67.0 68.0 69.0 70.0 71.0 72.0 73.0

x



EXAMPLE 5: USE TABLE

¡ Suppose the heights of women are Normally distributed with mean = 64.5 in. and S.D.  =  2.5 in. What is the 

approximate probability a woman is shorter than 63 inches?



CHI – SQUARE DISTRIBUTION



CHI-SQUARE DISTRIBUTION

¡ A continuous random variable 𝑋 is said to follow a chi-square distribution. 

¡ We say 𝜒8$ with pdf

𝑓 𝑥; 𝜈 =
1

2
8
$ Γ 𝜈/2

𝑥 8/$ 𝑒'/$, 𝑥 > 0

¡ Where 𝜈 > 0

¡ Special case of the gamma distribution with GAM 𝛼 = 8
$
, 𝛽 = 2

¡ If 𝑋~𝜒8$, then 𝐸 𝑋 = 𝜈 and Var 𝑋 = 2𝜈 



CHI-SQUARE PROPERTIES

¡ Recall sample variance

𝑠$ =
∑9:&
; 𝑥9 − 𝑥̅ $

𝑛 − 1
=
∑9:&
; 𝑥9$ − 𝑛	𝑥̅$

𝑛 − 1

¡ Most importantly, the sample variance 𝑠$ is related to a 𝜒;%&$  distribution

¡ We will talk about this more in chapter 8.


